Differntiability

1 Mark Questions

1. Write the derivative of sinx with'respect to

COSX. Delhi 2014C
Letu =sinx
On differentiating u w.r.t. x, we get
au COS X (i)
— = -0
ax l
and V = COSX
On differentiating v w.r.t. x, we get
av sin x (ii)
—_—= seakd
adx |
du du dx
Now, = X
dv  dx dv
COS X . .
= — ——[from Eqgs. (i) and (ii)]
sin x _
du
= — = — cotx (1)
dv

2. Ifcosy = xcos (a + y), wherecosa #+ 1,

2
prove that gy . ‘(a Li y)_
dx sing Foreign 2014
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Given, cosy = x cos(a +y)
COSYy
cos(a +y)

= X =

On differentiating both sides w.r.t. v, we get

cos{a + )-q—(cos ) — COs o [cos( |
e y o y yd;/ cos(a+vy)]

dy cos’(a + )
[by using quotient rule]

dx _ cos@ +y) (=siny) - cosy[-sin(a + y)]

dy cos?(a +v)
_ Cosy sin(a +y) — cos(a +y) siny

=

cos(a + )
_sin@+y-y)
cos*(a + y)

[ sinA cosB — cos AsinB = sin(A — B)]
dx  sina

dy cosi(a+y)

2
5 dy _ cos .(a +y) (1)
dx sina

Hence proved.

.y =sin {xJ1-x —ﬁw/l— x*}and

0 < x< 1, then find 9,
dx

All India 2014C; Delhi 2010

f\p Plrstly, convert the gwen expresmon |n
g’_ E

sin"![x4/1— y* — yy/ 1—-x2] form and then puté

x=sin ¢and y = sin8. Now, simplify the resulting:
_ expression and d| ferentlate it.

Given, y = sin”' [x 41— x — v/x \f_—x |

Ahove annatinn can ha rowrittan ac
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y =sin" [x\j1~ \/-)2 x/; Tk
[ x=(x)?]
Now, put Jx =sin@and x = sin ¢, so that

8 =sin"" vx and ¢ = sin™’

y =sin™' [sind 4/1— sin’ 9 -
— sin 6 +/1— sin” ¢]

X, we get

= y = sin"" [sin ¢ cosO — sin O cos ¢]
| |5 \/:sinz X = COS X]
= y =sin”" sin (¢ — 0)
[ sin ¢ cos® — sinB cos ¢ = sin (¢ — O)]
=  y=0-0 [ sin”! sin® = 0]
= y =sin"' x — sin"Wx

[+ ¢=sin"' xand 6 = sin”" Vx]
On differentiating both sides w.r.t. x, we get

dy 1 1 d
o - <9 ()
dx \/1 ~ x2 \/1 _ {.\/;)2 dx

"g-(sin_'(-)):——l—-—
~de \1- 62
dy 111
dx \/1—:,{_2 J1=-x 24x
|i' dx(f) 2\[{'

Hence, de o g e (1)
dx \/1“ —x* 24x=x?
Alternate Methoa'

g sin”'x—sin~! y=sin” [xn\fl y —y\{l—x]
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diiu LIEl unierenuate witn respect 1o x to get
the required value.

y =sin~ g iy Jx

= yzsin‘ [x y1 —(\/_1 _\/_,/1_ 2]
Jron sin_1{x\f1—y2 V- x? x°} = sin™

X — sin~ y]
Here, x:xandy=\/;
y=sin"'x— sin” " x

On differentiating both sides w.r.t. x, we get

QZ v i (sin” ] X) — i (sin” 1 ‘\/;(-)

dx dx X

dy__1 v dm
Tk e 1 -(o?

dy T 1_' 1
2 e fiex 2k

1

- dy 1 o

_____ N . S— 3 (1)
dx \ﬁ-—xz 2\/>':———.‘>vc2 1

4. Ife* +e’ =e**Y, prove that%[+e""‘ =0,
X
Foregin 2014

& - ' +y i
Given,e* + e’ =™’ ol

On dividing Eq. (i) by e*7”, we get

eV +e =1 .. (i)
On differentiating both sides of Eq. (i) w.r.t.
X, we get
e [ﬂ] +e X =1=0
dx
dy ol (v - x)
= e
i dx e Y
= E:-Q/-th?w':“==O (1)
clx
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5. Find the value of & ate = &, if
dx 4

x = ae® (sin@ — cosB) and y = ae® (sind + cos6).
All India 2014

Given, x= ae® (sin® — cosH)

On differentiating w.r.t. 8, we get

% = af—j— [e8 sin® — e’ cos9]
do do

=a gg (e? sin@) — gé (e® cosﬂ)]

= a| e® 5; (sin®) + sinB adg (e%

d d e
o r@? ot Bucoe——m(e)]
e ™ (cos ) S s
_ ale® cos + e° sin® — e® (— sin6) — e’ cosb]
0 0

L

= a[e® cosf + e” sinB + e sing—e

ax

= - a12e° sinB]=2ae’ sinb k1)
do

cos0]

Also, y = ae® (sin® + cos®)

On differentiating w.r.t. 8, we get

dy d g . d 8 ]
L= gl — (€ 0+ — "0s0
a[de(e sin )+de(e coS )J
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—¥- [ee d%(sinﬂ) + sin® gﬁ (e®) + e® dg-(cosﬁ)

a 0
+ COS 5 (e ]

" ; 0
= a[e® cosB + e?sin0 — €% sin® + e’ cosh]

= a2 e? cos]

= dY _ 226° cos0 ..(i)
o
dy dy d® 2ae’ cos®
N L=hx—=
Ot dx de dx 2ae’sin®
[from Eqgs. (i) and (ii)]
= cotB
At B:E,d—‘vzcot—
4" dx
2 e
Henc 3 e weol—=1 (1)
. dx 4

6. Ifx=a (cost + log tan—%), y = asint, then

d2
evaluate —)2/ att= 2

dx 3 Delhi 2014C
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£
Given, x = a (cost + logtan 2)

and y = a sint.

Now,

()]

t
e | (cost + log tan 5)

On differentiating both sides w.r.t. {, we get

d t
9’5 =a [d__ (cost) + -— log tan —-}
dt dt dt 2
sint + g (tant)
= 4d - SNt + — e s
)
o dt 2
) d
'.'i(u-v)zugi+kf—£]
dx ax dx
i
=al|-sint + 1m-sezti(i)
- ) t 2 dt\2
tan -
i 2 i
1 2 1
= al-—sint + —— X seCc” — X —
t 2
tan -
i 2 !
= int + 1 ><—1—— !
=al T T N2 T
S T 0SS~ -~
cost/2 2 )
: 1
=al|-sint +
.t t
2 sin— - cos -
4 2 ,
i 1 . .
=a —smt+—-;—] [ sin20 = 2 sinB coso]
| sint
(1— sin?t dx cos’t .
=a —— | —=aj|— (1)
cint At cint
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g, e g Y g ey
[+ 1—sin?0 = cos? @]

and y = a sint

On differentiating both sides w.r.t. t, we get
d—y=acost wed d 1)
dt
dy

dy 4t _ acost

dxﬁi"_— cos’t
d | gne

Now,

sint

[from Egs. (ii) and (iii)]
a cost
= X sint = tant

a COS2 t

On differentiating both sides of above
equation w.r.t.x, we get

d (dy d
tant
dx(dx) dx(an}

Lo [ L -9 0.9
2

d“y 2 sint

=5 —= =8eC I X :
dx a cost
d% sint sec*t
e o
dx’ a
Now, on putting t —g we get
" TE '.F.' \/5 4
2 R o S - X (2)
dyl _73 3.2
dx?‘ T a da
3
dz —\—E’— X 16
£ =2
dx? a
7 O
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d“y=tw3

Hence, (1)
dx? a
7. 1fX"y" =(x+y)" ", prove that oy _¥
dx x
Foreign 2014

Given, x"y" =(x +y)"*"

On taking log both sides, we get
log(x™y") = log(x + )
= log(x™) + log(y™) = (m + n) log(x +y)

m+n

=  mlogx+nlogy=m+n)log(x+y)

On differentiating w.r.t. x, we get

m ndy m+n ( dy)
TR P R X 5

x ydx Xx+vy dx
_@u(m+n)=(m+n_p“]@

X X+y x+y y)dx
I:my+ny—nx—ny]dy_mx+my~mx-nx
y(x+y) dx XX+Y)

ol dy |my—nx|_my-nx
dx % s
Hence, ﬁ=£ (1)
dx x

8. If x=a cos®+bsinBand y =asin® — b cose,
2
show that yzj‘_JE/__ x Y, y =0.
dx dx Foreign 2014
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Given, x = a cos9 + b sin8 D)

and y=asin®—b cos0 sell])
On differentiating Eq. (i) w.r.t. 6, we get
gﬁ:—asrn9+bc059
do
On differentiating Eq. (ii) w.r.t. 8, we get
9’Z=acos»‘3+bsinel
do
T dy dy do
dx dG dx
i dy  acos®+ bsind
dx —asin®+ b cosH
Iy dy x [+ x=acos8+bsin,
dx -y |y=asin— b cosb
= yﬂ=—x=> ygx+x:0 i)

dx dx
On differentiating Eq. (iii) w.r.t. x, we get

(2]

dx2 dx
" it P8 | o | FENECE WL (Bl
dx?  dx\y dx ¥

dy _d
= 2 Y ry=0 1
g dx? i kil s

Hence proved.

J1-x? |
9. Differentiate tan‘l( )w.r.t.

X

cos'1(2x \ll o XZ); when x # 0. Delhi 2014

1—x2
. Letu= tan”[ }
X
1

Put X =cos® = 0=cos X

_ e ——
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Then, u=tan
cos0

: \h-— cosze}

-

| Vsin?® [ sin®
= tan = tan
coso cosH

L

= tan” ' [tanf] = O
= u=cos 'x [- x = cos8]

On differentiating w.r.t. x, we get
du _ 1

E'; _1/1—><2

Again, letv = cos™ (2x y1—x%)

Put x=cos0 = 0=cos ' x
Then, v =cos '[2 cos® 1— cos’ 6]
— cos ' [2 cosO sinB]
l: cos’ 0 + sin’ 0 = 1}

sin® = vV1— cos’0

= cos ' [sin28]
= cos™ [cos(lt— D BH = 0
2 2
= v="_2cos" x
2
On differentiating w.r.t. x, we get
dv 2
dx  1-x?
du du dx
Now, = X
dv dx dv

(V)

1 1
=_\/1_:?>< 5 )
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10. Ify = x*, then prove that

dy _1 (d_y)
dx? y \dx

Given, y = x"

_Y-o

On taking log both sides, we get

logy = log x”

=4 logy = x log x
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On differentiating w.r.t. x, we get

1dy d d
Bebue AT Sl I —
e xdx(ong ngdx(X)
= lﬁ:xxlﬂogx
y dx X
= l‘:—]'X=(1+icnf:;x)
y dx
gx:y(tﬂogx) ikl
dx

Again, differentiating w.r.t. x, we get

2
%:yg;(1+logx)+(1+|ogx)%§-
d’y dy
— &-Ezyx;’+(1+logx)a
P
= %_iﬂulogx)?; swekil)

Now, we have to prove that
2 - 2
it i (5’}:) =

dx? y \dx) x
2 2
ipged¥ 2 (d_y) 4
dx? y\dx X
i

=¥ ¢ ialonn DL gt ~ L
X dx vy - ¥

[from Egs. (i) and (ii)]

=Lq (14 logx) y(1+ logx)

X

| [y2(1+ log 0% - y [from Eq. ()]
y ' X

= y(l+ Iog:nc)2 —y(1+ |0gx)2= 0 =RHS

Hence proved. (1)

: w.r.t.
1-x°

11. Differentiate tan™ [

sin™? (2x 41 - x%).
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Letu = tan™' =
1= x?

Put x=sin®=>0=sin""x, then

- sin © :l

_1,H ~sin’ 9

.| sin 9] -+ 5in?0 + cos’ B =1
= u=ftan
LCOSB = c0s0O = \](1 = Sin2 0)

0 o]
— y=tan ' (tanB) = u=0 = u=sin X

On differentiating w.r.t. x, we get
du 1
dx  1-x?

Again, letv = sin™' 2x y/1- x?)

Put x=sin®=6=sin""x then

v=sin"' (2 sin® 41— sin?0)
= v=sin"" (2 sin® cos6)
= v=sin"'(sin20) = v =20
= v=2sin"'x |
On differentiating w.r.t. x, we get

dv _ 2 i
I m .. (1)
- du _ du ’ dx
dv dx dv
2
N dg _ 1 y 1—x
dv 1_ XZ 2
du 1
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12. Differentiate tan™ {

1[1+x? -1

X

] w.r.t,

st | 22 2}, when x # 0.
1+x Delhi 2014
1+ x2 —
Let u= tanl( s 1}
¥
Put x = cot® =0 = cot™' x, then
f 2
14 —
U = tan~] \f cot” 6 —1
coto
[ 2
_11VvcosecO -1
= tan
cot 0
p— cosec9 -1 — tan”] 1-—5sin®O
| cot6 sin®
sin? s + Cos? g 2 sin 9 cos -
=tan™ 2 2 2 2
cos? L sin’ 2
3 2 ]
[ sin® x + cos? x =1]
[ 0 .eT |
COS — — sin -
=tan'|- 2 2
( 0 .GM’ e . 0
COS— + Sin — || COS — — Sin —
2 2 2 2
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—

0 . 0 [ ]

COS — — SIn — 1—tan -
= tan™" f} = tan™" :
COS — + Sin — 1+ tan —

# 2 2] i 2 ]

[ dividing numerator and denominator by

cos 06/2]
=tan”! [tan (E — g)jl
4 2
T 6 m cot'x
= 3 A =
4 2 4 2
On differentiating w.r.t. x, we get
du 1 ’
— ; (1)
dx  2(1+ x?)

Again, let v=sin"' X 5
1+ x
Put  x=tan0=0=tan"'x, then we get
oy o2 TG
v=sinT | ———
1+ tan“ 6

= v=sin""[sin20] = v=20 =v=2tan"'x

On differentiating w.r.t. x, we get

d'v’ _ 2 (”}
dx 1+ x?
2
Now, du=du><dx= 1 Xg-ix—)
dv dx dv 201+ x?) 2
[from Egs. (i) and (ii)]
_ du_1 (1)
dv 4
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13. Ify =Pe™ +Qe™, then show that

d’y dy
— = —~ +aby =0.
dx? la 5 dx J All India 2014, 2009C

Given, y=Pe® + Qe ..(0)
On differentiating w.r.t. x, we get

dy d d
PLopX (o2 Rl ™
i dx(e )+de(e )
s W gy Qb > .. (i)
dx
Again, differentiating w.r.t. x, we get
d?y d d
Y —pa S (e Ly L bx
g e T pEn
=Pa(a e®™) + bQ (b ™
= a'Pe® 4+ b'Q ™ ...(iii)

2

d“y dy
Now,LHS = e (a+b) i + aby

On putting values from Eqgs. (i), (ii) and (iii),
we get

LHS = a’P ™ + b’Q ™

_(a+b)(aP e™ + bQ e} ab (P e™ + Q &)

=aPe®™ +b2Q e - a?Pe®-abQ e™
—abPe® - b2Q e™+abPe®™+abQ e

=0= RHS (1
Hence proved.

14. Ifx cost (3 — 2 cos®t) and

y -smt (3 — 2sin’t), then find the value of d};

tt= r
e All India 2014
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Given, x=cost(3—2 cos’t)
= x=3cost—2 cos’t

On differentiating w.r.t. t, we get

8% _ 3. dini~ 20 coste l-sinl
dt

= Ejﬁ:-v?}sint+6 cos’t sint adtl
dt

Also, y=sint (3 -2 sin’t)

= y=3sint —2sin’t
On differentiating w.r.t. t, we get
—d—y—=3cost_2 X 3 X sin®t cost
dt
d}’ 5 D i
—_ a?=3cost—6 sin“t cost kil

dy dy dt 3cost-6costsin’t
Now, —=-—X-—= - e
dx dt dx -3sint+6cos“tsint

[from Eqs. (i) and (ii)]
cost —2 cost sin’t

—sint +2 cos’t sint

At =
4
5 cos * — 2 cos ~ sin? ™
[_V} _ 4 4 4
dx ], _=®

. T P M . T
y —sin — + 2 cos” —- sin —
4 4 4

o O

55 (3) =
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X

ARy d
15. If(x — y)e*™’ =a. Prove thaty F}::_ +x=2y.
Delhi 2014C

Given, (x—y)-e" VY =a

On taking log both sides, we get

X

log (x—y)-e"; Y1=loga

= log(x —y) + loge™™¥ =loga
[ log(mn) = logm + logn]

: X
= log(x—-y)+——log,e=loga

X
=5 log(x —y) + —— =loga
X=Yy
[ log, =1]
On differentiating w.r.t. x, we get

dix[log(x-—}/) +i( 2 )=—OL(|083>

dx \x—y) dx

d d
+(x—y)a-x(x) xdx(x y) .
2
x-y)

— R

d d
Ld H i A

V2

|y iRl ),
X=y (X —Yy)

where, y’ =dy/dx

= xX=-yYlI-y)+x—-y—-x(1-y")=0

= 0

= yy' +x=2y=0
= y-qy-+x=2y 1
dx

Hence proved.
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16. If x = alcost + t sint) and y = a (sint — tcost),
d’y

lue of —-att=—-
then find the valu 3 et

Given, x = a(cost + t sint)
On differentiating both sides w.r.t. t, we get

(—JE = a(— sint +1-sint + t cost)
dt

= % = at cost
dt

and y = a{sint —t cost)

On differentiating both sides w.r.t. t, we get

% = al(cost — cost -1+ tsint) = at sint ...(J)

dy d dt  at sin
Now, A y i = tant

dx dt dx at cost
Again differentiating both sides w.r.t. x, we

get
d {dy}y d dt
tant ) —
dx(dx) dt(an )dx
2 2
A d—gzseczt- 1 _ sect _ sect
dx dx atcost at
dt
Att = —
it
. [fx] = \a) P-4
i ; -
dx 3 a(E) 2R
" 4
8v2
= —— (1
amn
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17. Ify =tan™ (9-) +log i prove that
X X+
dy _ 2a°
dx x*-a* All India 2014C

Given, y = tan™ (E) +log |22

X X+ a
p
e i [l x-a)"
=tan" |- |+ log
\ X X+ a
-1 (a\ 1 -
= y=tan"' | = +5[Iog(x—a)~log(x+a)l

\ X/

m
[ log — =logm - log n]
n

On differentiating w.r.t. x, we get

dy 1 (—— a) 1| 1 1
—_— . +_ —
dx a’ \x*) 2|x-a x+a

1+ —
o
d -1 1 d 1
v —(tan™ ' x) = d —{] - —
[ dx e dx(ogx} J
— a a

= +
x-+at x?-a?

_—xfa+a+xla+a’

8w g

[-(a+ b)(a—b)=a%~bY

= = (1)

Hence proved.
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18. If x = a sin2t (1 + cos2t) and
y = b cos2t (1 — cos2t), then show that at

- (.d_v]=2.
4'\dx) a All India 2014
Given, x = a sin 2t (1+ cos 2t)
=  x=asin2t(2 cos’t)
[" 0520 =2 cos’ 0 —1]
= x =2asin 2t cos’t

On differentiating x w.r.t. t, we get

% =2a [sin 2t % (cos?t) + cos’t g? (sin 2f)}

=2a([sin 2t {2 cost (- sint)}
+ 2 cos’t (cos 2t)]
=2a[-sin®2t + 2 cos’t cos 2t]
['.- 2 5inB cosO = sin 26]
Also, y=b cos2t(1- cos 2t)
= b cos 2t (2 sin’t)
[ c0s26 =1—2sin? ]
=2b cos 2t sin’t

On differentiating y w.r.t. t, we get

dy _ d, . . 9 d
EE_.Qb[cosﬂE{sm t) + sin ta—t(cosZt)]
=2b[cos2t (2 sint cost)
+sin’t (- sin2t) - 2]
= 2b [cos 2t sin 2t — 2 sin*t sin 2t]
Now, EY- = QX X E
dx dt dx
f:& _ 2b[cos2t sin2t -2 sin’t sin 2]
dx 2a[2 cos®t cos 2t — sin? 2t]
At p=E
4

|-cr::ts. 2(2) sin 2(::) |

NE A =\
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_box1-1x1]
" a fix0 -1

=P_(:l\ r smn—LcosE:O-]
d —1) [ 2 2 J

= ] =— (1)

Hence proved.
19. If(tantx) + y©* = i, then find dy/dx.
All India 2014C

-1 cot x

Lletu=(tan”'x)Y and v=y

Then, given equation becomesu +v =1

On differentiating both sides w.r.t. x, we get
du dv -0 0

dx EE
Now, u=(tan"'x)Y

On taking log both sides, we get
logu =y log(tan™ x)

On differentiating both sides w.r.t. x, we get

1 dU dy - }:’
log(tan™ ' x) +
u dx  dx . tan”' x (1+ x?)
= Ej—l-j—z(tan"'x)"
dx
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dy 1 y 1 .
— log(t ) + ...(i)
[dx - ane tan”' x (1+ x°)

Also, v=y“*

On taking log both sides, we get
logv = cotx logy

On differentialting w.r.t. x, we get

1dv cotx dy
~ =L = cosec® xlogy + —~—

v dx y dx

dv gl cotxdy | ...

sl l + — (i
=>dx y [ cosec” xlogy ¥ dx] (i)
On putting values from Egs. (ii) and (iii) in
Eg. (i), we get

(t.an_1

dv -1 y !
)Y Yo {tan™' x) + :
&l e o tan™" x (1+ x%) |

+ vy | — cosec’x logy + LE ET =0
y dx|

= dy [(tan”" x)" log (tan™ ' x) + cotxy <'*~ 1]
X

= |: 4 - (tan~" )Y 7' — y© *cosec’x log y]
1+ x
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s ¥

dx
_ —L’Z (tan~' %)Y ' = y©'*. cosec’x logy
| +x
[(tan”" )Y log (tan™" x) + cot x y*'* 1]
o
dx

_ [____3_’__2_ (tan~" x)¥ 7' = y°'* cosec’x log y:!
|1+ x

[(tan™" x)? log (tan™" x) + cotx y**'* ]

(1)

4 marks Questions

20. If x =2c0s8—cos20 and y = 2sin@ —sin26,
36
then prove that 4 tan(—-)-
dx 2 Dethi 2013C
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To prove, ﬁ = tan (-39)

dx 2

Given, X=2cosO— cos26

and y=2sinB—sin290

On differentiating both sides w.r.t. 6, we get
93 =-2sinB+2sin20
do

and Q=2c059— 2cos29 (1)
ae :

dy _ dy/d6 _ 2(cos®— cos26) ()
dx dx/d0 2(—sin®+sin26)
: f9+28) : (29 9)

2 sin sSin 5

- [COS Z e;e) sin ( 22 eﬂ

l\.
l—': cosC —cosD =2sin (C E D) sin(D _C)1

and sinC—sinD =2 cos[c ; D) sin(C _DJ

sin(-%) sin(g)
2 2 360
- = — | =RHS 1
(39) () tan(zl (1)
cos| ~ |sin| -
2 E Hence proved.

.. d
21. Ify = (sinx)" +sin~2+/x, then find (-i%

Delhi 2013C, 2009; All India 2009C
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Given, Cy=(sinx)* +sin”' Jx (i)
Let u = (sinx)* (i)
Then, Eq. (i) becomes, y = u + sin Tx L)

On taking log both sides of Eq. (ii), we get
logu = xlog sin x (1)

On differéntiating both sides w.r.t. x, we get
1du

S xi (logsinx) + log 5|n:><-i (x)
udx  dx dx

[by product rule]

s, d_”=u|:x>< 1 d(smx)+logsmx }(1)
X sinx dx

du . X
= — =(sinx)* | —— x cosx + log sinx
dx sin x

[from Eq. (ii)]

" (;’_u = (sinx)"[x cot x + log sin x] ..(iv)
- X
On differentiating both sides of Eq.(iii) w.r.t.
X, we get

e . (1)

dx  dx \/1 2 dx

dy . e :
= — =(sinx)"[xcotx + log sinx]

dx

+ J % ] [from Eq. (iv)] (1)
JI-x  24x -

s th rove that

22. Ify= xlog[a+bx) enp

2
3 u _ (XJL _ y] |
dx? dx Delhi 2013C
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o’ dy Y’
To prove, X _% = (x ) A y]
dx _

Given, V=X Iog(

On differentiating both sides w.r.t. x, we get

dy d X X d
— =x—Ilog + log — (X
dx ax a + bx a + bx ) dx

[by product rule]

(
5w e
e fssssmsas | ala] svibioses | o o | ssliues | 1
X |dx\a+bx a + bx
+b
d + DX i(l@g){)_l
" dx X

=(a+ by |2t bx)1) '2X(b)] £ log( : )
(a + bx) a + bx

fby quotient rule]

= (a+bx) | —= +Io( - ]
° x[(a+bx)2] g_a+bx

dy a :
= — = +lo ONE
dx  a+ bx g(a+b><) Aty
Now ij—y— — i + xlo .
" dx # a + bx B a+ bx ¥
ax X X
= + xlog |- —- xlog
a + bx a + bx a + bx
dy ax | "
I s N i 1
::>de 4 a + bx adL
From Eq. (i), we have
o +|0g(~ - ]
dx a+ bx a + bx
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~ -

On differentiating both sides w.r.t. x, we get

dy -a b
dx? (a + bx)? |
1 (@+bx)-1—x-b
+ =
X (a+bx®
a + bx
_ - ab +a+bx a + bx — bx
(a + bx)? X (a + bx)?
- ab a + bx a
28 e 3 N
(a + bx)? X (a + bx)?
e ab - i a 1
(a+ bx)= x(a+ bx)
s, )(3 d—zy — abX3 + ax2
dx? (a+bx)? (a+ bx)
[multiplying both sides by x’]
2
ax
=— 2t bx+(a+by
(a + bx)? { j
a°x”*
(a4 t‘,v;~<)—"’2

[from Eq. (ii)] (1)
Hence proved.

23. Differentiate the following function with
respect to x.

(logx)* +x°9" Delhi 2013
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Let y =(log x)* + x'°%"

On differentiating both sides w.r.t. x, we get

% =§LX (log x)* + x'°8%)
- % (log )™ + % (x'°8%)

=(log x)* a [{xlog(log x}]
dx

+x108x L (log xlog x)
dx

Il

[ g;(uv) u %(ylog U)] (2)

== (Iog x)x{x(—!“-) 1 + Iog(log X)}
log x ] x
1

+ xing[Z(log X) *:l

X

d 1L A
»—log(logx) = —— X —,
dx logx X

C (log xlog x)= a {(log X2} = 2(log x) 1]
X dx X

=(log x)* {L + log(log x)}

log x
+2 ("ﬂ)x'%* 2)
X

24. If y=log[x++/x?+a*], then show that
2
240° E—yﬂcd—y:&
e )dxz dx Delhi 2013
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Given, y:log[x+ \;rx_2+az]

On differentiating both sides w.r.t. x, we get

Ej—-“i: 1 o g (x+v“x2+a2}
dx Xx+4x°+a’ dx -

d 1d
v —(logx) = ——(x) | (1)
[ dx e X dx ]

Ty X . AN
i(r:f—z-i-élz): ?ﬁi
X 24/x% + 2%
_ 1 X+4/x% +a’
x+x*+a’ | X’ +a’
dy 1 Vxi+at +x
— M7=
ax x+/x° +a’ x* 4"
=5 —Cb—”-( x*+a?)=1
dx (1)
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Again on differentiating both sides w.r.t. to x,

we get
et Gl e
.+.
o dx\dx/ dx dx(
1-2><--d-y
= S +ad)+——G =0 (1)
X 2\[x2+a‘£
d dv du}
— (U Vsl s —— Y v
dx dx dx
, 2
= (x2+az)+i--§+xg-z=0 (1)
X ax

Hence proved.

25  Show that the function f(x)=|x—3,xeR, is

continuous but not differentiable at x=3.
Delhi 2013

Get More Learning Materials Here : & m @&\ www.studentbro.in



() Firstly, to check the differentiability of the'
* function f(x) at x=3. Find LHD and RHD, if
LHD #RHD, then function is not differentiable’

and then we check continuity of the function at.

x=3by showingLHL = RHL = =f(3).

Givenf —|x 3|

First, we check the differentiability of the given
function f(x) at x=3.

LHD =f’(37) = lim L Bl 1)
h— 0 s
- “Tf( )“‘“llm—a h) Hd)-]
) h— 0 —h J
_ B-h-3-
= lim !
h— 0 -h
— hl h
— | — B eyl = :
i, = m Tt ElA =1
RHD = £(3*) = fim 18N =10
h— 0 h
f,,Rf,() i f@+h—f@
|_l hw—u') h
_|3+h-=-3]-]3-3
= lim -
h— 0 h

il
- fim = =1 A =x1 )

Since, LHD#RHD atx=3
So, f is not differentiable.
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Now, we check the continuity of the given
function f(x) at x=3

LHL = lim |x—3]

x— 3

- !!i_r)11()]3-h-3| [putx =3 - h
- imjH=0 ®

RHL = lim [x—3]

x5 3T

= Iimnl3+h—3| =h|lim0{h’=0 [put x = x + H]

h—
and f(3) =3 -3|=0
Thus, LHL=RHL=1{(3)
Hence, f is continuous at x = 3. (1)

26. If x=a sint and y=al(cost+logtan (t/2), then
2

L Y
d= 2 Delhi 2013
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; t
Given, y= a(cost +log tan 5] and x=asint

On differentiating both sides w.r.t. t, we get

dy d d t
L = a| - (cost) + —]|| 3
X a_dt (cos )+dt(og tanzﬂ
¢ =
=5 gx:a —sint+—-1——xg—(tan£]
dt (t) dt g
tan 5

=>—CE=a —sint + 1t xsecz(—EJXl (1)
tan[] 2y 3

‘L 1
=aj-sint+

. t
2 sin—.cos—
A 2 2]

, 1
=a —51nt+——;—n:| [ sint=2 sin—t—.cosi]
sint 2 2

-

=d

sint sint

1- sin® t:l cos’t

[ sint+cos’t=1=31-sin’t = cos? t] (1)
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dx d
d 2= (asint=
an Pk (asint)=a cqst (1/2)
[a_cos_"*t]
dy dyldt sint
Now, = = =
dx dx/dt a cost s
d% d[dy] d
ol s By Lol 4 N
dx? dx [dx] dx A (172)
d dt 2 [ dt
=—(cott) X | — |=(— —
g (cott) x (dx) (— cosec t)(de
==—~(c05ec2t).
a cost
cosec’t
=— (1
a cost

2%. Differentiate the following with respect to x
x+1 ~x
sin‘l[2 ‘31].
1+B36)" | oTs: All India 2013

Get More Learning Materials Here : & m @&\ www.studentbro.in



' () FlfStl}’, put 6" equal to tane sothat it becomes: to
some standard trigonometric function. Then,.
i simplify the expression and then differentiate by

1 chain rule.

[x+1, 3x]
| 1+(36)°
[ 2prage
L1+(6%)"
15(-;)2] 0
Put tan® = 6* = 0 = tan™(6*)

Then, y=sin™ ML
1+tan’@

let y=sin™

=sin_

— sin sin2m ] o sin 26= 21208 | o
1+tan’ @

=20
= y=2tan"' (6%
On differentiating both sides w.r.t. x, we get

d a 4
L = 716" '.'—(-j—tan'1 g,
dx 1+ (6%)° dx dx 1+ %%
(1)
dy 2
= = -6*-log6
dx 1+(6%° &
2x+1.3x
- log 6 (1)
1+{36)" |
28. If x=acos>0 and y=asin>0, then find the
d’y . T
valueof 52 =975 Al India 2013

Given, x=acos’@andy = asin’ 0

Get More Learning Materials Here : & m @&\ www.studentbro.in



On differentiating both sides w.r.t. 6, we get
ax =3a (:0529i (cos0)
do

=3acos’0-(—sin6)
= —3ac0s°0-sinB (1)

and E—% —3asin’0 Eda (sin®©)

=3asin?0-(cosB) =3a sin’0-coso

dy (dy/do
Now, =
M [dx/de)
i 2
_ 3asin ?-COSG — —tan®
—3acos”0-sinb (1)
Again, on differentiating both sides w.r.t. x, we
get
d?y d do
—-—=——(tan9)
dx? do dx
= —sec’ - @
dx
= — sec’9- ;1 :
3acos"0:sinB
2
1
=7 c )2/ - 4 (M
dx® 3acos 6-sin@
At
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AN A

- 1 32

)

29. If xsin(a + y) +sinacos{a +y) = 0, then prove

(1)

5 .
thatgl=__———5'n .((Hy). !
dx sina All India 2013

dy sin (a +y)
dx sin a

To prove,

Given, xsin(a+y)+ sinacos(@a+y) =0

Lk x___——smacos[a-r—y) 1)

sin(a+vy)

On differentiating both sides w.r.t. y, we get
[ i

sin(a + y}i {sina cos(a + y)}
dy

—sinacos(a +v) —d {sin(a + y)}

dx | ]
dy - sin(a +y)
[using quotient rule]
[sin(a+y)-sinasin(a+y) |
+sina cos(a + y) cos{a + )
= = (1
sin“(a+y)
= ima {sin?(a+y)+ cos’ (a+y)}
sin“(a+y)
- zma 1 [ sin®0+cos’ 8 =11(1)
sin“(a+vy)

¢ 3
= dy:sm (a+y)

, Hence proved. (1)
dx sina
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10g X
30. If XY =e*77, then prove that o MYy

dx  (1+logx)?
dy _' log x

dx  {log(xe)}*
All India 2013 2011, 2010

e

) Firstly, take log on both sides and convert it :nto%
' y=f(x) form. Then, differentiate both sides by
quottent rule to get requnred result |

S —— e ——

e

I ———

I
To prove, i 2 5
dx (1+log x)
Given x¥ ="

On taking log both sides, we get

ylog. x=(x—y)log. e (1)
— ylog, x=x-y [ log,e=1]
= y(l+logx) =x
= SV, (1)
1+ log x

On differentiating both sides w.r.t. x, we get

dy (1+ log x) : (x) — ,*:{i (1+ log x)

o X dx
dx (1+|0gx)2
' v du
i(i): dx 5 dx (1)
dx \u u
I : ]
T+ logx — x-—
B X
(1+ log x)*
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_1+logx -1

(1+ log x)*
__logx > Hence proved. (1)
(1+ log x)
Also, it can be written as
|
dy _ HEA > [-log.e=1]
dx (log. e + log x)
- dy _  logx ;
dx {log(ex)}
2
31. If y*=e’"* then prove that jy=(1+logy) .
X
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(1+ log y)*
log y
Given that y* =" *

To prove, ey =
X

On taking log both sides, we get
logy* = loge'’ ™"
=5 xlogy=(y—-xloge
= xlogy =y —x [ loge=1]...(%) (1)
On differentiating both sides w.r.t. x, we get

d d d d
x-—(logy) +logy — () = —(y) — —
dx( 8Y) Ogydx W dx o dx ¥
=5 x-l-&+logy-1=g—x—1
y dx
= (1+Iogy)=%[1-f]
dx\ vy
dy y(@+logy) "
— = 1
™ Yy (i) (1)
On putting the value of x from Eq. (i) in Eq.
(1), we get
dy': y(1+logy) _ y 1+ logy)? 1)
dx - Ly (y+ylogy-y)
1+ logy
zy(1+logy)2
y logy
2
> dy _ (1+ logy) (1
dx logy

Hence proved.

32. if(cosx)’ =(cosy)*, then find gz
| X

HOTS; Delhi 2012
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e e i — e i R

2? Firstly, take Iog on both sldes then dlfferentlate
both sides by product rule

B P S |

leen (cosx)” = (cosy)*

On taking log both sides, we get
log (cosx)” = log (cos y)*

= ylog(cosx) = xlog(cosy)
[ log x" =nlog x] (1)

On differentiating both sides w.r.t. x, we get
d . d
y - — log (cos x) + log cos x - — (y)
dx dx

=X —3; log (cos y) + log (cos y) %(x)

[ d — (uv) = ug\—f+vd—u:l(1)
dx dx dx

1T d dy
— (cos x) + log (cos x) ——
cos x dx i 5 A ax

1 d
—(cosy) + log cosy - 1
cosy dx

= y:

= X=

— i (—sinx) + log(cos x) - —gx

COs X X

- x——L— (=siny) QK + log(cosy)-1(1)
cosy dx

=y Ak Iog{cosx)g = —xtanygy_
X

dx
+ log(cosy)

= [xtany + log (cos x)] gx = log(cosy) + y tan x
X

dy _log(cosy) +y tanx
dx xtany + log(cosx)

(1)
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33. Ifsiny = xsin(a + y), then prove that
dy _sin‘la+y)
dx sina  HOTS; Delhi 2012

{" ? In the gwen expressmn we collect all the terms§
of y on RHS and a term x on LHS and then
differentiate with respect to y on both sides to
get required result.

Given, siny = xsin(a +vy)
- o siny
sin(a + y)

On differentiating both sides w.r.t. y,
we get

sin{a +v) --q—(sin ) — sin q---sfn(a+ )
i V—dy y y'dy ¥

dy sin“(a + y)
[by using quotient rule] (1%)
_sin(a+y)cosy—siny cos(a+y)

sin? (a + Y)
=5in(a+y—y) (1%)
sin“(a +y)

[ sinA cosB — cosAsinB = sin (A — B)]

dx sina
= s
dy sin(a+y)
=
Hence, £v . FTR & §) (1)

dx sin a
Hence proved.

NOTE As theresult is in y form, so we consider here
x as a dependent variable.
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34. Ifx=va" 'andy-\} @t then show

thag W =X
dx X All India 2012
! Loret 1

Given, x=va*" ' andy=va™ !

dv —
To show, u afller: 4

dx x
NOW X == (aE‘»in-1 t)'lfz

On differentiating both sides w.r.t. t, we get
dx l(asin ) 1/2 d (

asm I
dt 2 dt )
d
e Y
[ o=
g
:__(abln lt)—lf?_ asm Hlogag—-(sm 11_)
¥ t
d
v — (@Y =a*loga
[ D i ]
1. & i = 1
\.=__(a$|n I) 1/2a Iloga.
2 V1-1t2
1. 1
. (aSln t)1/2 Iog a-
2 J1=t?
1 sin It
dx 3 a log a
= = (1) (1Y
0t e (1) (1%2)

And y - ( CDS—] E}VZ

On d:ﬁerentlatmg both sides w. rt t, we get
dy 1 ( cos ) -1/2 d (aCOS [)

dt 2 dt [ . d 2 ) I:I

— x" = nx
dx
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=P 4 d I}
Cos I) UQaCOS tloga__(cos 1t)

dt
(—1)

1/2
log a -
J1-t2
1 f cos 't
dy ] =5 ‘2‘ a . Iog a

dt 1-t2

(a

s cos” ! I)

(a

= A1) (1%2)

On dividing Eq. (ii) by Eq. (i), we get

1 [ cos? i
(—2 a“* ‘loga

\ /

dx  (dx) aprm= )
— E a*" 'loga

==

1.}asin“‘r X
(1)
[ given 1/3005“1t = yand ,Jasin_ir = X]
Hence proved.

V1+4x% - 1}
» w.r.t. x.

35. Differentiate tanl[

HOTS; All India 2012

Get More Learning Materials Here : & m @&\ www.studentbro.in



| ) Ftrst[y, put X= tan Band converty in terms ofG
then putf=tan x and differentiate w.r rtx.

-1 V1+X2 -1

X

Let y =tan

Put x=tan® = 0 =tan™' x, we get

-1 «,/1+tan26—1 : (1)

y = tan
tan©
y=tan~' sman=| [ 1+ tan’ 6 = sec’ 9]
| tan© |
__...1.9_ e
—t -1| COS
| Tsing
| CcosO
' sec = and tan9 = S0
cos 0 cos 6
_ tan'1—1 ~ cosB
| sin®
|' y
2 sin® 26
=tan™"
. 0 0
2 sin— COS -
2 2

[ 1— cosx = 2 sin? = and sinx =2 sin-’ic-:)si“E
2 2 2

= tan™ (tan g) e g [ tan™! (tan 0) = ¢

_tan"'x

> [ 8=tan"'x] (1)
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On differentiating both sides w.r.t. x, we get

dy 1 12['.'d(tan"x)= 1]

dx 2 1+x2| dx 1+ x?
Hence, ay — !
dx 201+ x%) (1%)

36. Ify =(tan" x)%, then show that

2
(2 +122 Y o+ Y =2
dx dx Delhi 2012
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Given, y = (tan™" x)?

On differentiating both sides w.r.t. x, we get

dy -1 1 d 1
——=2tan x. v — tan~
dx 1+ x2 [ dx
dy 2tan”'x
— —
dx 1+ x?

= (1+x2)91=2tan-‘x

dx

X =

1
1+ x?

(1%2)

Again, differentiating both sides w.r.t. x, we

get

oo S5+ 5 G0
=%(2 tan™' x) (1)

= {1+x2).g%+%-2x=1+2x2
[ g;(tan" M= 1 +Tx2}

= (1+x2)2%;§+2x%(1+x2)=2
= (1+x2)2%+2x(1+x2)g-§=2 (1%)

Hence proved.

_ 2_1 -
37. Ify=xm-osxy X =1 ppon fing .
x“+1 dx -
Delhi 2012C
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2
s X =1
SINX— COSX +

Given, y=X 5
X +1
LEt U= xsinx— COSX
.
x“ =1
and V= —
x“+1

Consider T Rt

On taking log both sides, we get
logu =(sinx—cosx) - log x
On differentiating both sides w.r.t. x, we get

Tdu . 1 :
——={sInx—cosX) - — +log x - (cos x + sin x)
u dx X
s /1 . -
m=x5|nx COs X
dx
SiN X — COS X .
[ +Iogx-{cosx+5|nx)]
X
(1%)
2 _
Now, consider v = XZ 1=1~ 2
X“+1 e
On differentiating both sides w.r.t. x, we get
d d
(2" £ (0 =3 — (32 31
dv iy — dx dx
dx (%* +1)°
dv 0-2-2x 4x
S - (1%)
dx [ (x? +1)2 ] (x* +1)? 2
Now dy du . dv
" dx dx  dx
- xsinxcosx[sm X— COSX
X

+ log x(cos x + sinx) + 24x (1)
(x* +1)°
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38. Ifx= a(cost+tsint]and y=a(sint—t cost), then
2

find d_y and d” {
dx? dt Delhi 2012C

Given, x = a(cost +t sint)

On differentiating both sides w.r.t. t, we get

%:a{-— sint+1-sint+t cost) (1)

= at cost
Also given, y=al(sint -t cost)
On differentiating both sides w.r.t. t, we get

gxzaambme-H4ﬂnU=mSMt"ﬁ)ﬂ)

dt
dy

dy ¢ _ atsint
dx dx  atcost

Now, = tant

Again, differentiating both sides w.r.t. x, we
get

2
d B . d (dy) a — (tant) dt-seczt
dx®> dx\dx) dt dx dx / dt
_ Sec t :secjt (1)
at cost at
Also,
d’y d ;
—-—=—(at sint
dt® dﬁ oo
= a(sint +t cost) (1)
39. Find 2, when y=xt" 4 2’
dx x2+x+2

All India 2012C
2
cot x 25 — 3
x2 +Xx+2

2x% -3
Let u=x***andv=-—-"-

Given, y=x
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X4+ x+2

Consider u = x*°'*

On taking log both sides, we get
log u = cot xlog x
On differentiating both sides w.r.t. x, we get

1 du 1 2
——=cotx-—~ cosec’x -log x
u dx X
du (cotx 2 )
——u — cosec’x - log x
dx X
cot x
=x°°“‘( —cosec2x~logx) (1%)
X
_ Jy" 3
Now, considerv=————
X“+x+2

On differentiating both sides w.r.t. x, we get
dv  (x* +x+2)(4x) — (2x* =3)2x+1)
dx (x* +x+2)°

B 4 + 4x° +8x— 4 ~2x* +6x+3

(x> +x+2)?
2x% +14x+3
::u2+x+2ﬁ WO
Now, dy _ du " dv
dx dx dx
= x X [cot X _ cosec? - log x)
X
2x? +14x+3 1)
(x% +x+2)2
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40. Ifx=cost+|ogtan% and y=sint, then find the

2 2
values ofg-—y and Ef_j_ at t=£.

dt? dx? 4 AllIndia 2012C

; t
Given, x=cost +log tan(EJ

On differentiating both sides w.r.t. t, we get

X : 1 2 L 1
—=-sint + B o
dt (t) 2 2
tan| —
2
cos(t/2) 1

=—sint + -

1
sin(t/2) Cosz(lt) 2
2
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1

=0=d

. 1 —sint+1 cos’t
=—sint+——= . =—— (1)
sint sint sint

[ 2 sin 9 COSE = sin ﬁj|
2 2

=-—sint +

Also given, y =sint
On differentiating both sides w.r.t. t, we get

dy
— = cost
dt
Again, differentiating both sides w.r.t. t, we
get
2
—;’:— sint (1)
dt
dy
Rlioive: dy _ dt _ cost _ sint —ian
dx dx cos’t  cost
dt  sint
On differentiating both sides w.r.t. x, we get
i-z-yi,—:seaczt-ﬂ =sec’t- szt =sec” tsint
dx dx cos“ t
2
. 1
Att=£, ——%:_smzz—— )
4" dt 4 A2
At gi:sec“— sin—
4" dx? 4
1 4
=W2)* —==—==2J2 (1)
v2 o2
41. Ifx J1+y +y 1+ x=0,(x # y), then prove
thatd—y= i .
dx  (1+ x)?

HOTS; Foreign 2012; Delhi 2011C
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E®, Firstly, solve the given equation and convert it
!
i

* into y=f(x) form. Then, differentiate to get the_
required result.

To prove, gl = — 1

dx 1+ x)2

Given equation is x 4/1+y +y 1+ x =0,

where x#y, we first convert the given
equation into y = f(x) form.

So, XAJT+y ==y JT+x

On squaring both sides, we get
x2(+y) =y (1+ )

U

X2+ xy =y +y’x

U

x2 —y? = y2x - x%y
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= X=-yYX+y)=—=xy(Xx-vV)
[ a® — b? =(a— b)(a + b)]

= X=y)xX+y)+xy(x—-y)=0

= X-yY)x+y+xy)=0
Eitherx—y=0o0rx+y+xy=0

Now, x-y=0 = x=vy

But it is given that x # v.

So, we get a contradiction.

= x —y =0 is rejected. §))
y+xy+x=0 =2 y(l+x)=-x

. ONE)

— V=
T+ x

On differentiating both sides w.r.t. x, we get

dy (1+x)><—d (—x) — (——x)x:- (1+ x)

_ dx X
- (1)
dx (1+ x)?
§ du dv
d v i, U ez o
.4 (g) o dx_ dx
dx \v v
L dy_a+% (=1) + x(1) ]
dx (1+ x)°
i dy _ ool
dx (14 x)?
dy ~1
— = = (1)
dx (1+ x)?

Hence proved

42. If x = tan G'- log y], then show that

2

(1+x2)g-§+(2x~a)g£=0.
dx dx All India 2011
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Given, x = tan [l log y)
a

=4 tan™' x = . log y
a

[-tan6=a =6=tan' 3
-1

= atan x=logy
On differentiating both sides w.r.t. x, we get
a pd w..___‘!_..lz_ _— -1_ . .q)_/ (1)
1+x° vy dx
d 1
~ (tan”'x) = ——
[ dx 1+ x?
2, dy
= 1+ x°) — = ay (1)
dx

Again, on differentiating both sides w.r.t. x,

we get
d (dy) dy d d
14 %)+ 1
(+X)dx(dx; dxdx(+X) dx{y)
- o dv du
1
Nl de+vdx}()
=% (1+x)gl+g£(2)—a Ef}f
dx?  dx dx
2
R Lo S N
dx* = dx dx
2, dy dy
1+ 2x—a) L =0 1
= ( X}dx +42X a)dx (1)
| 2
43. Differentiate x* ©°* + x2 +1 w.r.t. x.
X~ =1 Delhi 2011
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+
andv= fé——}n,then y=u+u.
x% <1

Letu = x* %

Now, find o and d_v Then, put these values |n

dx dx
d_du, d
dx dx dx
2
_ xcosx , X +1
Let Y= X + P
X2 +1
Again let u=x""""and v=—
X~ =
Then, y=U+V
On differentiating both sides w.r.t. x, we get
dy du dv .
L (i) (1)
dx dx dx
NOW, u= XX COSX

On taking log both sides, we get
log u = log x* “**
= logu=(xcosx -logx [-logm"=nlogm]

On differentiating both sides w.r.t. x, we get

1du = (x cos X) X i (log x)
u dx dx
+ log x x — (x cos x)
dx

[by product rule]

1du 1 .
= —— =XC0sx X —+ log x-[—x sin x + cos x]

u dx X

- o

—(XCOSX)=XX—COSX+ COSX — X
dx dx dx

=X(=sinx)+ cosx-1
= — X SINX + COS X
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1 du

= — — = C0s X — x log x sin x + log x cos x
u dx
du .
= — =u [cosx—xlog x sin x + log x cos x]
dx -
du ' ;
= — =Xx""""cos x - x log x sin x
dx
+logxcosx][u=x""" (1%)
2
X1
and e
X =]

On differentiating w.r.t. x, we get
2 d 2 2 d 2
I _(x -1) xdﬁ((x +1) —(x +1]><dx(x =1)
dx [ —1)°
[by quotient rule]

2 A e (D .
N dv={>~ 1) 2x—(x“+1)-2x

dx (x2 =1
_2x3 — Py 3 Iy
(x* = 1)°
. dv._ —4x
dx (x? —1)?
On putting values of %Li and —3—[ in Eq. (i),
we ggt . X
Y o yxoosx [cos x — x log x sin x
dx 4x
+ log x cos X] - ——— (1%)
(x* =1)°
44. Ifx=a (8 —sin®), y =a (1 + cos 8), then find
d’y
dx? Delhi 2011
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| 5”) Here, we use éhain rule, i.e. if y=f;(®) and
; ‘. 9
=t e,thenl:_z--—to et required value.
2 ) dx dO dx & 9 :

Given, x=a (0 — sin0) and y = a (1+ cos 6)
On differentiating both sides w.r.t. 6, we get

%:aﬂ—cos@) ['.'gé—sinE):cosB]

and E‘_Z=_a sin@ |- ic056=— sin O {(1)
do do

(dy)
dy _\de)
dx (dx)
\d6 )
-asin® _ -sinB

a(1— cos6) " 1-cos®

—_—
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-2 sin?—cos?
= %= 2 5 2=—(:0tg (1)
* 2sinzi— 2

— -

RN =72 singcosg
2 2

and1——cosﬁ=25in2?—

L o

Again differentiating w.r.t. x, we get
2
d_}/ — .E’_ _d_}{] = _9‘_. (_., COt _.8_)

dxi—dx dx) dx 2

1 9] do
| Ol 1 —
dﬁ\ dx

d d do |

—[FO)] = — F(O) X —

[ dx[()] de()xdxj

= —1— cosec? ﬂ i 1 (1)

2 a(l— cos0)

{ E_ cot § = — cosec? B:I
do

1

1 , 0
== CO0SEeC — X

oA 2 2 sin? L
2

['.*1— cos® =2 sin? -g ]

—q (1
2

1 4
= -— COoSeC
44

45. Prove that

2
a [g Jo*=x" + 92— sin~t (i)} =.a? - x%.

dx g Foreign 2011
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To prove {Na ~ x* +—5|n ‘(xﬂ
all

2
LHS = g [g J8°~ 4 a7 sin”™! —{]
a

— [ (1)
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—x? a
= + + — X
2 /a* — x* 2 28 \Ja? - x?

2 2 2 2

S e R SR )
21/32—){2 2 2\/&2—)(2
—x% +(a’ - x%) + a’

2z 1/a2 — x?

S 2(a —x)

S 21/3

_ w2 _ [.2 2
(a 2)1;’2 =(a’ - x’) o
= RHS - Hence proved. (1)
46. Ify =log [x + /x* + 1], then prove that
(x? +1)—Ji+xd—y_o.
dx* dx Foreign 2011

Do same as Que 24.
[Hint put a =1in Que. 24]

47. Iflog(y1 + x* = x) = y /1 + x?, then show

that(1+x2)-g—z+xy+1=0.
X

All India 2011C
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To prove, (1+x2)¥+xy+1=0

X
Given, log (y1+ x2 —x) =y 1+ x* (i)
On differentiating both sides w.r.t. x, we get

\}1+>1(2—ij[ e =g

d 2 2dY
=y e w12 2
ydx\/ KT x el

[by chain rule]

- 1 1 d(xz)__l
1+ X2 = x| 241+ x2 X
y d 2y, 1o .29y
= — (1 4+ X°) + 41+ X —
2 1+ x2 X = "
e 1 2y 1
1+ x2=x[2 1+ %
2x \/_2 dy
=ZY X —————+41+ X o (1%)

3+ xF X

=
1i1+x2—x \/H-x2
=2 +«~/1+;<2-ﬂ
\/1+x2 dx
xy+{1+x2)dy
= —_— X
1/1+x2 \(1+x2

= —1=><y+(1+x2)i’i
dx

s (1+x2)gz+xy+1=0 (1%)

X

Hence proved.
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48. Ifx=a (@ +sin6)and y =a (1 — cos 8), then
2

find d—’zi.
dx All India 2011C
Given,
x=a@+sinB) and y=a(1- cos6) (1)

On differentiating both sides w.r.t. x, we get
_cix____ a(l+ cos0) |- —9‘— sinB = cos 6
do do

and —qz:asinﬁ '.'icosﬁz—sina]
do doe

dy _ dy/d6 __a sin®
dx dx/d0 a1+ cos6)

. 0 0
2 sin-— COS —
2 2

2 cos? 9
2

: . X ¥
sin X =2 sin — Cos —
2 2

X
and 1+ cosx=2 cosz—z—
i |

i T (1)
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Again, differentiating w.r.t. x, we get

2
dy _d (dy]z d (tan 9) (1/2)
dx? dx\dx) dx 2

2 'dx
-lseCZQX 1 (1)
2 2 a(l+ cos9)
> 0 1
= AT — ¥ 5
a X 2 cos’ 9

[1+c05x=2 COs> ﬂ

oy L sec” g (1%)
43 ,

49. If y =a sin x + b cos x, then prove that

dv 2
y2+(—y] =a?+ b2
dx

All India 2011C; HOTS

Get More Learning Materials Here : & m

@ www.studentbro.in



() Firstly, we differentiate the given expression with
. respect tox and get first derivative of y. Now, put.
the value of y and first derivative of y in LHS of
given expression and then solve it and get|
required RHS.

2
To prove, y? + (ﬁ) =a’ +b? (D)
dx

Given,y = asin x + b cos x .. (i)
On differentiating both sides of Eq. (ii) w.r.t. x,
we get

$=ac05x-—b'sinx (1)

dx

Now, we take LHS of Eq. (i), we get
2

LHS =y? + (9}1)
dx

On putting the value of y and dy/dx, we get
LHS = (a sin x + b cos x)? + (a cos x — b sin x)?
= a% sin x + b? cos? x + 2ab sin x cos x
+ a? cos® x + b? sin? x
— 2ab sin x cos x (1%2)
[- (ax b)?=a’+b?+2ab]
= a’ sin? x + b? cos® x + a? cos? x + b? sin? x

= a? (sin? x + cos® x) + b? (sin® x + cos® x)

=a’+b? [+ sin? x + cos? x =1]
=RHS Hence proved. (112)
90. Ifx=a (cos0+06sino)
2
andy =a(sin 8 — 8 cos 0), then find %—g
X

All India 2011C, 2008
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Do same as Que 38 [Ans. / o
a

sec’ 9]

51. Ifx=a (6 —sinB)and y =a (1 + cos ), then

find Y ato= =
dx 3 Delhi 2011C
Given, x=a(@-sinB)
and y = a (1+ cos 0) |
On differentiating both sides w.r.t. 8, we get
dx dy

£=§(1—c058) and a-é=—asin9(1)
dy dy/d6  -asin®
dx dx/d6 a(l— cos6)

(1

. 0 (3]
—2a sin — cos —
dy -

= - ;
dx a x2 sin? —
2 -
. X X
"0 sinx =2 sin — COS —
(1)
and 1- cos x =2 sinzg
— ﬂ:——c'::rtg
dx 2

On putting 6 = g, we get

{ cot g — \@] (1)

Hence, —c—l—:’i ato = = 53
dx 3
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92. Ify =(sin x — cos x)(SI"”'c°5‘),E< ¥ E,

then find E)f, :
dx All India 2010C

i() Flrstly, tahe Iog on both 5|des and then%

differentiate to get the value of :y
X

. : inx— n 3n
Given, y = (sin x — cos x)®" ¥~ <5x) - < X< 5

On taking log both sides, we get
log y = log (sin x — cos x)5" X~ €osX)
= logy = (sin x — cos x) - log (sin x — cOs X)
[ logm" =nlogm] (1)
On differentiating both sides w.r.t. x, we get
1 dy

——ZL =(sinx— cos x) X — log (sin x — cos x)
y dx dx b

. d ..
+ log (sin x — cos x) X d—(sm X — COS X)

X
[by product rule]
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1
= 1gx:(sinx—co'sx)-

y dx (sin x — cos x)
.E‘_ (sin x — cos X) + log (sin x — cos X)
dx
(cos x + sinx) (1)
— 1ﬂ=(sinx—cosx) . :
y dx (sin x — cos X)

(cos x + sin x) + log (sin x — cos x)
- (cos x + sin x)

= 19}1:(c05x+sinx)+(cosx+sinx)
y dx
-[log (sin x — cos x)]
e l.gX:(cosx+5inx)
y dx
[1+ log (sin x — cos x)] (1)
dy :
=3 —~ =y (cos x + sin X)
dx
[1+ log (sin x — cos x)]
E‘_}i _ (sin ¥ — COS x)(sinx—cosx}
dx
{cos x + sin x) [1+ log (sin x — cos x)]

(1)

1l2x=341-x? d
53. Ify =cos™ “then find 2.
/ { V13 ] dx

All India 2010C
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() Inthe given expression, put x=sin® and simplify:
~* the resulting expression, then differentiate it. |

2x = 31— x*
Given, y = cos ' =i
V13

Put )«<=sin(—IL.'[henB:sin'1 X

-+ forya? — x*, we putx=asin® @
\/1—x we put x = sin@

|2 sin@=341-5sin’0
J13

1[2sin8-3 cosﬁ]

SRVE!

[ \h— sin” @ = \/coszﬁ = cos 0]

= y=Cos ' —-2—— 9-——~—cosﬁ]
A3 J13

y = COS~

= y = COS
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= cos o and - =sinae  (1%)

Now, let —2—
13 V13

2 2
'*sinzot-i—cosza:(—?’—) +[i)

. J13 V13
9 4 13 j‘

- 4+ —=—=

13 13 13
y = cos' [sin @ cos o — cos B sin o]
= y=cos” sin@®—o)

[+ sin® coso — cos O sino = sin (6 — o]

=% y = cos”' cos Bi -6 - Ot)]

. T )
- sinx=cos| — — x
3

here, x=0 -«

= yzg—EHo: [ cos™ ' (cos 6) = 6]
T g sed] o o e g
=5 y:-E—sm x+o [ 6=sin" x]
On differentiating both sides w.r.t. x, we get
oy =0 - 1 41

54. Ify = (cot™ x)?, then show that
2

(x* + 1) d—~§~+2x(x2+ 1)d_y=2
dx dx Delhi 2010C
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2
. To show,(xz+1)29'—3_/+2x(x2+1)gl=2
dx? dx

Given,y = (cot™ x)*

On differentiating both sides w.r.t. x, we get

dy _y, d =
=% =2.cot”'x-— (cot
r- cot” ' x ™ (cot™ " x)
= ay 2 cot x X — .
dx 14 X
'icot']x: _12
dx 14X
- (1+ x?) gZ = —2 cot™ x (1%2)
dx
Again, differentiating both sides w.r.t. x, we
get
(1+x2) X i(dy]+ dy N d (l-l-xz}
dx \dx) dx dx
_d (=2 cot™' x)
dx
d dv du
c—Uu-vi=u + Vv
dx dx dx
2 — ——
— (‘]+x2).g_§+@.2x_—_ﬂii’l_) (14)
= X 1+ x

d . ~1
4’1- == t —
[ dx il 1+ le

On multiplying both sides by (1+ x?), we get
2
a2 0Y poxa+x =2 (1)
dx? dx

Hence proved.
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55. Ify = cosec ! x,x> 1, then show that

x(x—l) Ay i
dx

" All India 2010
. d
To show, x(x% =1) g—)zf+(2x2 Lo
dx dx

. ~1
Given, y =cosec  x;x>1

On differentiating both sides w. r t. x, we get

dy _ 2 _q
dx‘xF = XX R

Again, differentiating both sides w.r.t. x , we

gel
78 (8 e
[ ad;(u V) = u-%{»+ ‘;z]m
== XF ﬂ+-c-]-'~}i{x><—g—; x2 =1
+\/ﬁx%(x)}=0
- x\[ﬁdy dv{2 ;_13;()(2#1)

+~\/x2—1><11:0
s +4x2 =14 =0
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= X /x> d2y dy{ X +1/x2—1}=0
X

( d?y x2 ’—dy
2_
=% Xl X 1dx2 - \( I
(1)
On multiplying both sides by /x* — 1, we get
2 d%  ady dy
X(X —1)*&34')( ‘a{*"l‘(x “]) dx 0'
2
— x(xz—l)gx—z+{x2+x2—1)%=
2
= x(x2—1)_ﬂ+(2x2—1)91=0 (1)

dx? dx
Hence proved.

[ .2
56. Ify =cos™ [3“_451 : ],then find Efd%

All India 2010
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3x + 4 1—x2]

Given,y = cos™' [

5
Put x = sin® = 0 = sin_' x, we get (1
113sinB+ 441 sin’ B]
V= g
| 5
1[3sin6+4 cosﬁ]
—. y = COS
| 5
[ A1- sin® @ = 1p‘c052 0 = cos 0]
= y = cos E sin® + g cosﬂ:l (1)

. 3
Now, let cosa = :54- and sino = =

e =

LR
. sin® oL + cos” @ = [] + (—)
5 5
9 16 25
=—+ - —=—=]

! 25 25 25 i
Then, we get

y = cos”' [sin® sina. + cos B cos o]

o y =cos ™' cos (@ — o)

[+ cos® cosa + sinO sina = cos ® — o]
= y=0-a
= y=sin""x—a [ 8=sin"'x (1)

On differentiating both sides w.r.t. x, we get

4 A 1m—O '.'i(sin‘U«'):——m1

Hence, oy = 1 (1)
dx T— %
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5%. Show that the function defined as follows, is
continuous at x =1, x = 2 but not

differentiable at x =2
3x—-2, O<x<1

fly=42x*—x, 1l<x<2
5x—4, X>2  pelhi2010

g’\) Flrstly, we will check the contmmty of the gwen
function at x=1,2 and then to check the

differentiability of the function f(x) at these:
points, find LHD and RHD. If LHD # RHD, then

functlon is not d[ﬂ:erentlabie

[ 3x — 2 0<x<1
The given function is f(x) = {2x* — x, 1< x< 2
| Bx—4; x>2

First, we show the continuity of above function
x=1and at x = 2.

Continuity at x =1
LHL = lim f(x)= lim (3x-2)

x=1 x—=1

[put x=1-h, when x—=1 h— 0]

=5 LHL=}!imO [3(1—=h) - 2]
= [lim 3-3h-2) =1
h— 0
RHL= lim f(x = lim @x*-x)
=T -5 T

[putx=1+h, whenx— 1 h— 0]
- RHL:AimO 20+ h? -0+ h)]

= Aim0[2(1 +h* + 2R - 1+ H)]

= lim [2+42h*+4h-1-H
h—=20

- fﬂl’?, ~ Y e o8a -
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=1mm UEn+3n+1) = KHAL=1
h— 0

Also, from the given function, at x =1
f=31)-2=3-2=1
Since, LHL = RHL = f(1)
Hence, f(x)is continuous atx=1. &)
Continuity at x =2
LHL= lim f(® = lim (x%-X)

X— 2 X— 27

[putx=2-h, whenx— 2, h— 0]
= LHL = hlimo 22 -h"—0 -H]
= lim [2(4 + h* — 4h) - 2 - h)]

h— 0
=’!im0(8+2h2—8h—2+h)
= LHL=8-2=6 [put h=0]
and RHL= lim f(x)= lim (Gx-4)
x— 27 g5 *

[putx =2 + h, when x = 2, h— 0]
= RHL = Ig!ir’n{][S (2 +h) — 4]

= lim (10+5h—-4) = lim (5h+6)
h— 0 h—=0
=5 RHL=6
Also, from the given function, at x = 2.
f(2)=2(2)% -2
[for f(2), put x =2 in f(x) = 2x? — x]
=8-2=6
Since, LHL =RHL =1(2)
So, f(x) is continuous at x = 2. G )

Hence,f(x) is continuous at all indicated
points.

Now, we verify differentiability of the given
function at x =1and x = 2.

Differentiability at x =1
LHD = lim fa=h—f®)

| o I'h
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ne—r v =

[B3-h-2]1-[3-2]

= lim
h—-0 -h
o T (1w3h}—(1}=| -_3h
h— 0 -h h-0 —h
= LHD=3
RHD = lim fO+R -
h— 0 h
2
i RA+hI-a+h]-2-1]
h— 0 h
’ [2+2h* + 4h—1-h] -1
= lim
h— 0 h
[ (a+ b)?> =a% + b? +2ab]
2
a | 2h +3h=|im (2h + 3)
h— 0 h—0
= RHD =3 [put h=0]
Since, LHD = RHD
So, f(x)is differentiable at x =1 (1)
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Differentiability at x =2

LHD = lim f(2 - h) —1(2)
h— 0 —h
4 — o — AL
~ LHD< fim 2@-h"-@2-h]j-[8-2]
h-0 -h
. 2(4+h*-4h-Q2-h-6
= |im
h—0 -h
. h@h-7)
= |lim
h—=0 b
= LHD=7
RHD = lim f2+h —fQ)
h— 0
| 5Q2+h-4-[8-2]
_h—>0 h
. (6+5h—(6)
= lim
h—- 0 h
: 5h
= lim —
h—>0 h

= RHD =5
Since, LHD #RHD
So, f(x) is not differentiable at x = 2. (1)

Hence, f(x) is continuous at x = 1and x = 2 but
not differentiable at x=2.

58. Ify =e° cos™" ¥ 1< x<1,then show that
2
[1 = z)u—xd—y— 2y =0,
dx?  dx All India 2010
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d% _dy

To show, (1-x?) 12 - X - azy =0
Given, y:e@“"";I X 1€ x<1
On differentiating both sides w.r.t. x, we get
d)/ acos” x d -1
—=e .—(a cos™ " x)
dx dx
[by chain rule]
dy a cos™! x —d
= et — 1 X
dx J1- X2
d X X -1 =1
s—e' =e",—(cos ‘X =
dx X 11— x?
- 1—)(2 %}i_ aea.cc:-s*‘x
X
= 1— x° f;i =—ay (i)
X
[+ e *=y,given] (1)
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Again, differentiating both sides of Eq. (i)
w.r.t. x, we get

=7 x L (&) o2 4 (i

dx dx dx

= —(—ay) [* by productrule]

o g R
dx
_ o dy . dy  2x 9y
dx?  dx 9 J1— x2 dx
2
= 1—x2dy—- x -dy::——a-gx(ﬂ/z)
dx? 1—x2 dx dx

On multiplying both sides by 11— x*, we get

2
(l—xz)dg—xzy:—'a\h—xz-%z ...(1)
X X

dx

But from Eq. (i), we have

oY gy W i (172)

dx dx /1 — x2

On putting the value of gx from Eqg. (iii) in

X
Eq. (ii), we get
2 ——
(1— 2)—d—§-—xgx~—af\/1——x2x i
d _dy
— 0 s S 2

= (1 2 xdx avy
2

. (1—x2)%%—x%—a2y=0 (1)
X X

Hence proved.
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L dy ) _ X 5 1/x
59. Fmda,lfy—(cos X + (sin ). Delhi 2010

(;) Letu =(cosx)* andv=(sin x)V*. Now, take log on 3
.~ both sides of u and g and then differentiate with:
v
respect to xto get & and & Further, put these
X X
: . dy du dv
values in equation 4.2

Given, y = {cos x)* + (sin X)X

let wu=I(cosx)”*andv=(sin x)“"

Then, given equation becomes,

y=u+Vv
= dy:du+dv Q)
dx dx dx
Now, u = (cos x)*

On taking log both sides, we get
log u = log (cos x)*

— log u = xlog (cos x)
[ logm" =nlogm]

On differentiating both sides w.r.t. x, we get

ld—u—x-ilo (cos x) + log (cos x) - — (x)
u dx ax - 5 dx
d 1 du
v —(logu) = — —
| [ dx P u dx]
1 du 1 i
i o e O (— sin x) + log cos x - 1
u dx COS X
1 du
= — — = — X tan x + log (cos x)
u dx
du
— =u[-xtan x + log cos x]
dx

T
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au "
= — =(cosX)
dx
[—x tan x + log cos ] IEG )

Also, v =(sinx)"

On taking log both sides, we get |

log v = log (sin x)"*

=5 Iogvzllog sin x
X
[ logm" =nlog m]

Again, differentiating both sides w.r.t. x,

we get
l—ﬁz--i(logsinx)+Irc:ogsin,x-mdv—(nl)
v dx x dx | dx \ x
1 dv 1 1 ; ( T)
——=—+——.cosx+logsinx|—-—
v dx x sinx X2
1(1)___1_ !
" dx \x x?
d 1dv
and —(logv)=——
e RN
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1 dv _cotx logi(sinx)

ﬁ e
v dx X X2
_; dv=v(c0tx_ log (sin x))
ax X X
I T x)‘*""‘[c‘:"t E_ iag x’] .. (iii)
dx X x?
(1%)
On putting the value of %ﬁ from Eq. (ii) and
X
that ofg—\i from Eq. (iii) in Eq. (i), we get
dx
ﬂ = (cos x)* [-x tan x + log cos x]
dx
+ (sin )X [COt X108 (Szm X)] (1%2)
X X
60. If y =e” sin x, then prove that
2
9y _ 2% 1yy=0 |
dx*  dx All India 2010C
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{> Firstly, we find & and L and then put their

dx?

values along with value of y in LHS of proven?

Given, y=e"sinx (1)
On differentiating both sides w.r.t. x, we get
ﬁ: e’ - g (sinx) + sin x - — (e%)
dx dx dx
[ by using product rule]
dy _ « : x
== —~ =@ . CcosX+sinx-e
dx (1)
= Qze" (cos x + sin x) ...(ii)
dx
Again, differentiating both sides w.r.t. x, we
get
2
d—;i: e* - — (cos x + sin x)
dx dx
: ';
+(Cos x + sinx) - — (e”)
dx
[by using product rule]
dy . .
= — =€ (=sinx+ cos X)
dx
+ (cos x + sin x) - e*
= e* [- sin X + cos X + cos X + sin X]
2
— g—%=2 cos x e* ..(iii) (1)

dx
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Now, we have to show that

d’ . dy
il O ) SETE, VRS,
Lt |
d“y dy
On putting the values of— from Eq. (iii), —
dx? dx
from Eq. (ii) and that of y from Eq. (i) on LHS
we get
g* dy . dy
. b (1)
dx? dx ¥

=2e" cos x —2e" (cos x + sinx) +2e”" sin x

LHS =

—2e* cosx—2e" cosx—2e*sinx+2e"sinx

=0=RHS (1)
Hence proved.

61. Ify = (x)* + (sin x)*, then find d—i

All india 2010C

Get More Learning Materials Here : & m @&\ www.studentbro.in



Given, y = (x)" +(sinx)"
Let u = (x*and v = (sin x)*

Given equation becomes, y =u +v
On differentiating w.r.t. x, we get

dy:du+o'v X
e gk N
Now, =X (1)

On taking log both sides, we get
log u = log x* = log u = xlog x
[ log m" = nlog m]

On differentiating both sides w.r.t. x, we get

ld_“—x._qﬁ-{log\()+l00x-—-—(‘<)
u dx dx { 10 |
1 du 1
——=x-—+logx-1
u dx X
1 du
= —-—=1+logx
u dx
- gﬁ:uﬂﬂogx)
X
dU % X s
=5 —=x"({+logx [ u=x7...Gi) (1)
dx

‘Also, v=(sinx)"
On taking log both sides, we get
log v = log (sin x)*

= logv=xlog(sinx) [ logm" =n log m]
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On differentiating both sides w.r.t. X, we get

1 (i‘i’. = X- “d- log (sin x) + log (sin x) - i (x)
v dx dx e dx
1 dv 1 .. ;
= - — =x-————{sin x) + log sin x
v dx sinx  dx
1 dv 1 -
= — ——=X-———CO0SX+l0g sinx
v dx sin x
d 1 dv
o — (logv) = — —
[ dx Hes v dx}
1 dv _ .
=3 - —— = x cotx + log sin x
- v odx
dv .
= —— =v(xcotx+logsinx
alx
dv . -
— d = (sin x)* (x cot x + log sin x) ...(ii1) (1)
X
_ - .du ok
On putting the values of - from Eq. (ii) and
X
iv_ from Eq. (iii) in Eq. (i), we get
dx
d—y-:xx (1+ log x)
alx

+ (sin X)* (x cot x + log sin x) (1)

62. 1f y =3 cos (log x) + & sin (log x), then show
2
thatx2u+xgl+y=0.
dx?  dx Delhi 2009, 2009C
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2
To show, x° g—-{—+-xg-y~+y=0

dx dx
Given, y =3 cos(log x) + 4 sin (log x)

On differentiating both sides w.r.t. x, we get

% = — 3 sin(log x) g}:(iog X)

+ 4 cos (log x) g (log x)
dx

dy _ -3sin(logx) '+ 4 cos (log X)

— e N ..o O
dx X X
dy .
— = =~ 3 sin(log x) + 4 cos (log X)
X

Again, differentiating both sides w.r.t. x , we

get |
dx dx

— ;{- [-3 sin(log x) + 4 cos (log x)] (1%2)
x 1
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Y. BY .

e e — 3 cos (log x) j (log x)

— 4sin(log x) — (log X)
dx

d y+g}:_1=—3cos(logx)

dx?  dx X
_4sin(log x)
X

(1%)

‘. d?y N dy —I[3 cos(log x) + 4 sin (log x)]

dx®  dx X
2
y 2OV Y
dx?  dx
= —[ 3 cos (log x) + 4 sin (log x)]
2
24y dy
= X' —Z+Xx-—>-=-—
X2 dx !
[~ 3 cos (log x) + 4 sin (log x) =y, given]
d%  dy |
Hence, x> 1 +x-—2+y=0 1
dx? dx d i

Hence proved.

. dy
— {y)Sin X X find =
63. Ify = (x)°"" + (log ), then fin dx Delhi 2009

Do same as Que 61,

Ans. dy _ x*" sinx + xlog x cos x]

dx
+ (logx) *'[1+ log x — log(log x) |

64. Ifx=a (c059+ log tan g)and y =asin®,

d? T
then find the value of_y ato=-—.

2
o Delhi 2009C
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Do same as Que 6.

—~

2
Ans. {d y} = gé
B

dx? a

b -

..}
T4
., d
65. Ify =(log x)* + (x)*, then find FJ;—
Delhi 2009C

Do same as Que 61.
Ans. (log x)* 1+ log x - log (log ¥] ]

+ x cos* '[cos x — xlog x sin x]

66. Ify =e* (sin x + cos x), then show that

dx?  dx | All India 2009
Given, y = e” (sin x + cos x) ()

d%y _ dy .
Toshow, —Y —2 %Y L2y =0
o show 7 ™ % (ii)

On differentiating both sides of Eq. (i) w.r.t. x,
we get

gii = e*. %(sinx + COSX)

+ (sin x + cos x) i (e¥)
X

= e* (cos x = sin x) + (sin x + cos x) - e*
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= e" [cos x — sin X + sin x + cos X]
= e* (2 cos x)
dy
dx

Again differentiating both sides of Eq. (iii)
w.r.t. X, we get

d’ ay =(2e%)- _0_' (cos x) + cosx-i(Ze 8
dx? dx dx

=2e* (- sinx) + cos x-2e*
=2e" cosx—2e* sinx ..(Iv) (1)

2
Now, we put the values of dy and y from

dx? dx

Eqs. (iv) and (iii) along with value of y in LHS of
Eq. (i), we get

=% = 2e” cos X i) (1%%)

=(2e" cos x — 2e" sin x) |
~ 2 (2€* cos x) + 2e* (sin x + cos X)
=2e" cosx —2e” sin x
— 4e* cos x + 2e” sin x + 2e* cos x
=4e* cosx — 4e* cosx=0=RHS (1)
Hence proved.
sin™t X

Ify=—\E—H—x—2,
dy

2 dzy 0
o e AW e Moo= K] :
=] dx? [ dx jillke All India 2009

67. then show that
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sin”! x

V11— x*

On differentiating both sides w.r.t. x, we get

Given, y =

dy i 1:?xi(sin"’x)—(sin“lx)xi 1—x

dx ( f1 B x2)2

2

(1)
({1 x*)?
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X sin”' x
Rl
B 1~ &°
(1-x%)
. -1
dy _1+xy . Ll Sp—
dx  1-x° 1-x*
— (1—x2)ile+xy (1)
dx

Again differentiating above equatlon both sides
w.r.t. x, we get

(1‘—}(2) d (d}/) dV __d_“_xz):ad;{-l_{_xy}

dx\dx) dx dx
(1)
= “*“3;2/ ‘;i( 2x—x%+y-1
= (1—x2)%—2x2:—x%#y:0
= (l— 2)3? x%—y=0 (1)

Hence proved.

68. Differentiate the following function w.r.t. x.
tan x

(x)°°°* + (sin x Delhi 2009

Do same as Que 61.
l:Ans. x“°**[cos x — xlog sinx] }

tan X

+ (sin ) @"[1 + sec? xlog sinx]

69. Differentiate the following function w.r.t. x.
SIﬂX + (Sln X Cos X De“ﬂ zmg

Do same as Que 61.
[Ans. x*™sinx + xlog x cos X] :\

+ sin x“°**[cos x cot x — sin xlog(sin x)]
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70. Ify = x®°* + (sin x)*, then find %ﬁ
X

All India 2008C
Do same as Que 61.

cot x—1

Ans. x [cotx — xlog xcosec?x] jl

+ (sinx)*[x cot x + log x sin ]

71. Ifxy + y* = tan x + y, then find ‘;—J;
All India 2008C

Flrstly, dlﬁerentiate the gwen expressmn wnth %
* respect to xand then collect all the first derivative

~of yon one side to get the requured result. |

Given equation is xy + y:i=tanx+y

On differentiating both sides w.r.t. x, we get

d d , d
— (Xy) + — =—t 1/2
dx(xy) dx(y} dx(anx+y) (1/2)
= — W +y —X|+2y —=5eCc” X+ —
[xd(y) ydx()] ydx il dx
(1%2)
dy dy dy
= x-—L+y-1+2y L =sec’ x+— (1
dx ¥ ydx ’ dx )
dy _
= (x+2y —1) L =sec’ x—y
dx
dy-_:se'czx—y )
dx x+2y-1
~ oy XA . dy
2. Ify =(log x) + e ,then find iy
Delhi 2008C
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Do same as Que 37.

[Ans. (Iogx}c°5"[—€£jix— — sinxlog(log x)

xlogx
___4><_J
x* =17

_ 2
5x+1241 "},thenﬁndﬂ.

13

dx

3. Ify =5in'1[

HOTS; All India 2008

Do same as Que 56. [Ans. il ]
o T %5

v4. Ifv = cot: J1+sinx + /1 -sinx
s J1+sinx—y1-sinx |’
dy

0<x< X then find —%.
2 dx HOTS; Delhi 2008
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r ¢ ? F1rstiy, corwert the gwen function into snmplest

form by using
224 smt 2y Zsin—c05—
2 2 2z

=|cos - + sin —
2 2

- X .2 X X X
and 1~~sm.a<:r:052 T 4sin? 2 -2sinZcos=
2 2 2 2

1+ sinx=cos

and then dlfferentlate

g J1+sin x + {J1—sin x i
G =
MEB ==k [ 14 sin X — /1= sin x il

Now, on putting

h X . ¥ . X X
T+ smx=cosz—+5|n2-+2 sin — COS —
2 2 , 2

. ¥ . wR
and 1-smx=c0525+5m25

-2 sm—cos-z—m Eq. (i), we get (1)

X X X X
\[cosz 2 +sin? = +2sin " cos <
y = cot™’ : 2 2
.2 X X X
&052x+sm2—+2 sin — COS —
| 2 2 2 2
X . X X
+Jcos T 48 ~25in- cos=
2 2
2 X . X X
\/cos = it = —~3 %in — cos —
2 _ 2 & |
nr X Y2 i x . x\
cos-i+sm2 + kcos-z- —sin —
*—"}y—cot’ \ / /
\f x . x) \/" x . x)
cos +sin--| —.[| cos-- —sin-
BA 2 2) \ 2 2 ]
i ()
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cal+b%*+2ab=(a+b)?
and a2+ b2 -2ab=(a-b)*"

X . X
and here, a = cos = b = sin —

- I

r( X x) ( X . xJ-'
cos -~ + sin = |+ | cos ~ —sin
-1 2 2 2 2
=y =xot
% . X X . X
cos ~ +sin - |—]|cos = —sin -
(e 3+s03) ~(cos3-sm3)
2 coz-;i
= y = cot™' . (1
. X
2 sin —
4 2.
. X | cosf
— y =cot ' cot — v cotf=—

2 sin®©
= y = % [+ cot™ cot®=6]
On differentiating both sides w.r.t. x, we get

dy 1
=L (1)
dx 2

NOTE () When0O<x < g, then we consider

2X o 2X i X
COS“—+siN“— — 2sin— C0S —
2 2 2 2

( - A x)z
=] cos &= —sin=
\/ 3 2

(i) When %— < x <, then we consider

7 X 3 X . X X
COS“— +siN“— — 28IN— C0S —
2 2 2 2

2
[(. X x]
= SIN— — C0S —
A a S
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- "y

75. lfy%1/x2 +1 —log [1+ ‘/1 +—12f} then find
X X -

g,}_f_ .
dx Delhi 2008

Given,y = yx* + -Iog(1+ 1+l2)
. @ 1{ .

It can be written as

' f
5 1 [x*+1
y=4x" +1-log|—+ -
X X
\

o
+1+1
=  y=y2+1-log| ¥ ] (1/2)
! X
On differentiating both sides w.r.t. x, we get

2
Q:ﬁd_(m)_ilog \fx +1+1
dx dx dx

X
. 1 d d [1(x2+1+1]
— (x +1)—-—Iog
2 X +'|dX dx X

2 x* o1 «./x +1+1
x +1+‘l

_Jx2+i \[x2+1+1
‘iwf+1+n-{f+1+n§4ﬁ
X
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)

_ X o X
X2+ x2+1+1
X [ = ] X2+ T+

2.d%* 1
X

X X
”\M2+1 1M2+1+1
"

i b ST
2 1 '
Jx* 2

X

x2

X
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e X ety
_1/x2+1

X +T+1

y (DX +1+1)

2 (Yx2+1)

X XZ—X2—~1—1}X2+1
% 41 x(w/x2+1+1)( X2 +1)
(1%2)
X [ i == 1)
U2 +1 x(XE+T+D X+
1 H I Wx2+1+1)
— X4+ —————
X1 x@xF+140)
1 i 1)
= Fohs e
el X
Lo 1 e+
dx  Jx?+1 o
d 3
Hence, Y = (1)
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s e e i 320 e s e s i e e s s sy

4 ) Reduce the given function into simplest form
| by putting x = cos 8 and by using the half angle
formulae

L4 cosﬁ=2c052% and 1—cosB=25in2% 5

Then, find its derwa’nve W|th respect to x.

e ot o e i e 1 A e e e e e s e b

Given function is
y = tan™' l:m > ﬂ]
| J1 + X + J1 - X
On putting x = cos©
= ©=cos 'x we get

_ tan”! 4./1+ cosO — ,/1—cosB )M
J1+ cosB + ,/1—cos®

We know that,

1+ cos9=2 coszg

and 1—cos9=2 sinzg

On putting the above values in Eq. (i), we get

2 cos? 5—1/2 sin’ B

y = tan”’ \ 2 2
2 cos> 9-+1f2 sinzg

[V 2 2.

= y=tan"

\Ecosg+ 2 sin

(6 . 8
CcOSs — — SIn —
2 2

n ™

I
L

-~

(1)

= y=tan
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v . ©
Lcos — + sin J
2 2
On dividing numerator and denominator by

6
COS E , we get

e

1= =

y = tan™'

1+ tan

N | DN

T 0
tan — — tan —
= y=tan” 2

b 0
1+ tan — tan -
4

1=t.anE
4

and t:eln9=1:><taﬂg=tan—:‘Et;:m9
2 2 4

Lo =

= y = tan”' tan (3— - g}

tan A — tan B — tan (A — B
1+ tan A tan B
n O -1
= =— —— ~tan_ 'tanx =X
y 5" 3 [ ]
n 1 <
= = — — C0S X » O=cos x| (1)
y 1 5 [ ]

On differentiating both sides w.r.t. x, we get

OF ol s e =t '.-—(-]'—(cos'1x)-= =
dx 2 12| dx 1— x2
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